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Abstract
Crop yields and harvest prices are often considered to be negatively correlated,

thus acting as a natural risk management hedge through stabilizing revenues. Storage
theory gives reason to believe that the correlation is an increasing function of stocks
carried over from previous years. Stock-conditioned second moments have implica-
tions for price movements during shortages and for hedging needs. Spatially varying
yield-price correlation structures have implications for who benefits from commodity
support policies. To calculate correlation, one must accurately calculate yield and
price second moments. Thus, choosing an appropriate joint distribution is essential.
In this paper, we use semi-parametric quantile regression (SQR) with penalized B-
splines to fit a stock-conditioned joint distribution. This method of sampling from a
distribution using SQR is validated via a thorough simulation study. The method is
then applied to produce samples to calculate a Monte Carlo approximation of price
and yield correlation for both corn and soybeans in the United States. For both crops,
Cornbelt core regions have more negative correlations than do peripheral regions. We
also find strong evidence that correlation becomes less negative as stocks increase.
Conditioning on stocks is shown to be important when calculating actuarially fair
revenue insurance premiums. In particular, revenue insurance premiums in the Corn-
belt core will be biased upward if the model for calculating premiums does not allow
correlation to vary with stocks available. The condition-dependent correlation can
be viewed as a form of tail dependence that, if unacknowledged, leads to mispricing
of revenue insurance products.
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1 Introduction

Storage infrastructure and the associated commodity stocks serve a critical role in ensuring

resilience to commodity market shocks. Resilience in markets is reflected by the degree of

price insensitivity to a shock, most typically a current-year yield response to underlying

weather, disease or related production conditions. Price-yield correlation, being a normal-

ized measure of how sensitive price is to a production shock, can measure both resilience

and revenue stability for growers. Stocks carried into the current year can be drawn down

to supplement consumption in an adverse yield event. How correlation changes with stocks

can establish the value of stocks as a means to manage market shocks. As an empirical

matter, little is known about how commodity stocks act to buffer price movements against

a production shock. The intent of this paper is to use Semiparametric Quantile Regres-

sion (SQR) methods to estimate the moments of the price-yield joint distribution when

conditioned on stocks, and so provide evidence on how stocks affect price variability and

producer revenue variability.

The matter is important for several reasons where perhaps the most important is in

understanding the source of large and dramatic commodity price spikes. Price spikes of-

ten arise when stocks are low and are more frequent for commodities, such as electricity

and fresh produce, that are difficult or impossible to store. For consumers, price variabil-

ity reduces economic welfare under certain intuitive conditions (Turnovsky et al. (1980))

while for risk averse producers who cannot adapt decisions to variable prices the impact is

detrimental (Oi (1961), Bellemare et al. (2013)). A large, nuanced and as yet inconclusive

literature has also investigated whether such price spikes act to cause political instability

(Blair et al. (2021), De Winne and Peersman (2021)).

A second motivation for inquiry into the issue regards our collective understanding of

regional comparative advantage. Core-periphery theory emphasizes the advantages and

disadvantages that a core region in a economic activity has relative to less central areas.

Agglomeration economies, due to lower transportation, search, learning and other costs

associated with spatially concentrated economic activity, are often among the most promi-

nent advantages possessed by the core (Puga (2010)). We follow others in documenting a

natural hedge effect (Finger (2012)) whereby revenue is more stable in core crop production
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regions than in the periphery (Ramsey et al. (2019)). For example, low price and low yield

are less likely to occur simultaneously in a core region than in a region more distant from

the center of production. In consequence, production in the core region is comparatively

less financially risky. In this light the availability of opportunities to insure against revenue

shortfalls can be seen as a counterweight to this advantage. We go further in showing

that the regional comparative advantage provided by the natural hedge is likely to be most

important when needed most, in the event of a price spike caused by low current-year yield

and low stocks carried into the year.

An additional stimulus for this study is more directly practical, having to do with

modeling assumptions when pricing revenue insurance (RI) which is the most popular form

of crop insurance offered in the United States 1. As insurance is intended to indemnify in

extreme events, modeling assumptions that apply on average but do not apply in tail events

can prove to be problematic, (see Zimmer (2012) among others). Biased probabilities of

extreme outcomes may result and, because payoffs are largest in extreme outcomes, lead to

biased premiums. Depending on the direction of any bias, the products may attract unduly

high-risk business or may lead to low participation. If high crop insurance participation is

a government policy goal, as is true in many parts of the world, then that government may

be required to provide larger subsidies to secure the desired level of participation.

Price and yield distribution higher moments also matter when setting crop insurance

contract rates. Private sector crop insurance offerings have been around for many years in

the United States (Gardner (2002)), but have generally not been popular due to high ad-

ministration costs and more recently due to competition from federal programs. Motivated

by concerns about market failures (Chambers (1989); Just et al. (1999)), political consider-

ations (Innes (2003)) and behavioral attitudes that depress demand (Du et al. (2017), Cai

et al. (2020)), government support for agricultural insurance is often large. These supports

take the forms of paying for infrastructure required to assess risks and of providing sub-

sidies on premiums charged by insurance agents. Experiences in many countries and for

1RI indemnifies revenue shortfall relative to a reference revenue guarantee. An indemnification event

can arise because of low yield or low price. Approximately 70% of policies sold are of this form. The

primary alternative is yield insurance whereby a yield shortfall is indemnified but at a price specified in

the insurance contract. This alternative is taken up by about 10% of farmers.
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many crops have shown that both intervention types are central to developing the levels

of sustained grower participation in crop insurance that policy-makers seek (Kramer et al.

(2022)). The product development path traversed by first the United States and more re-

cently, India, China, European Union countries and elsewhere is not unexpected. Take-up

is initially limited so contract design and pricing issues are repeatedly revisited, sometimes

drawing in more growers and sometimes not (Ming et al. (2016), Santeramo and Ramsey

(2017), Smith and Glauber (2019), Cariappa et al. (2021)).

The overall annual cost to the United States taxpayer for crop insurance support is

about $8 billion, mostly spent on RI products (Rosch (2021)). These subsidies are paid

largely to ensure sufficient interest in the products so that adverse selection is limited.

Adverse selection occurs when the insured has more information about risks posed than

does the insurer. In our setting, adverse selection would arise when premium prices charged

are such that many farmers do not participate because they view premiums as being too

high for the risks being insured. Then risks presented for insurance would tilt heavily

toward those that the insurer will, over the course of time, lose on. Were this a problem

then the insurer will increase premiums further to cover losses, leading to a downward spiral

in participation. When subsidies are sufficiently generous then most farmers should think

the opportunity to be a good deal and so the book of business will not be problematic. High

subsidies then can be seen as a substitute, although costly, for better targeted premiums.

If farmers that pose least financial risk to the insurer, often the government, believe that

the price is fair to them then the subsidy rate required to retain them in the pool will not

be large.

While impressive strides have been made in improving rate-setting in the United States

(Coble et al. (2010)), problems remain (Ramirez and Carpio (2012); Price et al. (2019)

Schnitkey et al. (2022)). A common complaint, which we refer to as spatial adverse selec-

tion, is that rate structures are such that farmers operating better quality land within a

county are being asked to cross-subsidize those owning worse quality land under the same

crop in that county (Ramirez and Shonkwiler (2017), Price et al. (2019)). As problematic,

however, are other sources of variabilities in crop insurance value to the farmer that may

be visible and yet not factored into rate-setting processes. The matter we inquire into is
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accumulated stocks carried from year t − 1 to year t, where most of the main crops in

plant agriculture can be stored across the typical harvest period at an acceptable cost. Our

interest in storage arises because its presence potentially affects the moments of the joint

price-yield distribution that determines crop insurance indemnity payouts.

The inclusion of stocks on the price-yield correlation and revenue insurance calculation

makes the choice of the joint price-yield distribution of the utmost importance. A paramet-

ric distribution would need to be flexible enough to allow price variability and price-yield

correlation to vary with changes in stocks. Indeed, non-parametric and semi-parametric

methods of estimating the marginal crop-yield densities have often been used (Goodwin

and Ker (1998), Ker and Coble (2003), Barnwal and Kotani (2013)),Ramsey (2020); how-

ever, these methods have not been extended to estimate a joint distribution of price and

yield. One such semi-parametric technique, quantile regression, is a widely used tool in

economics and econometrics (Koenker (2000), Koenker and Hallock (2001), Liao and Wang

(2012)) due to its robust nature; namely, we can use it to obtain samples from a conditional

density function, without needing to specify a parametric model. We propose to extract

the price variability and price-yield correlation for given levels of stocks using estimates

of the respective joint price-yield distribution using semi-parametric quantile regression

techniques.

The remainder of the paper is organized as follows. Section 2 discusses the conceptual

framework of the theory of storage, and its implication on indemnities. Section 3 outlines

in detail the procedures for SQR, the construction of the B-spline bases, and the sampling

procedure from the joint distribution function. Section 4 demonstrates the validity of

our methods using a thorough simulation study. Section 5 employs our method on both

empirical corn and soybean datasets. Section 6 concludes with some final remarks.

2 Conceptual Framework

2.1 Theory of Storage

The theory behind the role of stocks in determining second moments of the price yield dis-

tribution can be summarized in two graphics. For a given acreage allocated to a crop but

5



Figure 1: Demand curve and equilibrium price for a crop of interest when stocks are not

incorporated in the demand curve

random yield from these acres, figure 1 visualizes the traditional supply and demand rela-

tionship absent stocks. The horizontal axis reflects current-year production only. Demand

is a stable function of commodity available with finite negative slope. To understand the

supply side characterization, bear in mind that farm production is determined largely by ei-

ther (i) acreage, seed and fertilizer input decisions made at or before planting or (ii) weather

and disease conditions that are often entirely exogenous to production. For these reasons,

the short-run supply function is held to be vertical, or unresponsive to price, and stochastic

where this randomness is characterized by good-year and bad-year yield outcomes either

side of the vertical average year supply curve. Visible in figure 1 is what might be termed

“the farmer’s curse” whereby a good harvest, presuming that it is good for all producers,

leads to low prices so that revenue might decline in good years. If the demand curve is very

inelastic, and so the correlation between a production shock and price is strongly negative,

then a positive yield shock will decrease revenue. In fact this phenomenon is an extreme

outcome of one of two manifestations of the natural hedge where the farmer must also

recognize the associated event that prices rise when supplies are limited.

Including storage fundamentally changes the price quantity relationship (Stüttgen et al.

(2018)). With storage then good-year product that would obtain a low price were it sold in

that year can be stored in the hope that an average or bad year will follow so that prices will
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Figure 2: Demand curve and equilibrium price for a crop of interest with the inclusion of

stocks in the demand curve

rise and stored product purchased at a low price can be sold at a price sufficiently high to

more than compensate for storage costs. The activity is inherently risky, however, because

storage costs are certain but future harvests are random. A storer will incur a loss in the

event of several good-year harvests. Figure 2 visualizes how Deaton and Laroque (1992)

(hereby referred to as D&L) characterizes the availability of stored stocks for consumption

and how it should relate to current market price were decision makers acting rationally.

When compared with Figure 1, storage is allowed in Figure 2 so that the horizontal axis

includes both (i) current-year quantity and (ii) stocks carried over from prior years. The

figure 2 downward sloping price-to-stocks curve is a demand curve, but does not necessarily

represent demand for current year consumption. Professional storers are assumed to be

risk neutral in D&L and the key decision is whether product (either from last year or

newly harvested) is to be (a) placed on the market for consumption or (b) stored instead.

Product will be stored whenever expected future price is sufficiently high relative to the

current price. Otherwise product will be sold for current consumption. Market forces, i.e.,

arbitrage activities, will generally ensure that the allocation between storage and current

consumption is such that prices align and commodity owners are indifferent between the

sell or store choice.

However, a corner solution may arise in the event of a sequence of poor harvests or
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alternatively when one very poor harvest occurs and little stored commodity is available,

and the demand for the product right now may be such that no commodity is placed in

storage. This situation is called a stock-out. D&L use the i.i.d. random harvest assumption

together with operator theory to establish that the relationship between available stocks

(from storage or current harvest) and price is as given by the solid, continuous, two-part

curve in Figure 2. The red arrow shows how storage acts to buttress price when supplies

are large. Rather than take a low price on the saturated market for current consumption,

stocks are stored in the expectation that prices will rise in a year or two. When there

is a stock out then price is determined entirely by the current demand curve. However,

when stocks are higher than a critical level and price is lower than a corresponding critical

price then additional stocks available due to a larger harvest are split into two uses. One

is additional current consumption and the other is additional storage.

One interpretation of Figure 2 is to view the horizontal axis as consumption but then

recognize that what you see is not what you get because when prices are low then not all

additional harvest translates into additional stocks and the price decline is ameliorated. In

shifting up the price to stocks curve when stocks are high, the presence of storage should

reduce the adverse effect of higher harvest yield on price. Intuitively, this implies that

Cor(yjt, pt|s̃t, l) ≤ 0, and (1a)

dCor(yjt, pt|s̃t, l)
ds̃t

≥ 0, (1b)

where yjt is the harvested crop yield for county j in year t, pt is the year t harvest price, and

s̃t is the amount of carryover stocks in from year t− 1 to year t expressed as a percent of a

local polynomial regression estimate of year t− 1’s national yield, x̃t−1. We also view the

correlation as being influenced by distance from the core production region as measured

by l. Yields in any year are positively spatially correlated (Goodwin (2001), Gong et al.

(2023)) because soils and weather events are positively spatially correlated. Therefore

any core or central production region will have a large impact in determining price and

price-yield correlations should be most strongly negative in core production regions. This

natural hedge in turn generates a comparative advantage in risk management to these
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regions because low prices and low yield are unlikely to occur simultaneously:

dCor(yjt, pt|s̃t, l)
dl

≥ 0, (2)

Also of relevance to us from D&L is

dVar(pt|s̃t)
ds̃t

≤ 0. (3)

Variability of price to stocks will decline with an increase in stocks because when stocks are

low then additional current-year yield is consumed and so is devoted entirely to reducing

current scarcity. When stocks are high then some of the addition is stored and not marketed,

lessening the impact on current price. This point is relevant for commodity markets because

one price variability metric is implied volatility, as often extracted from applying the Black

formula for options market prices on commodity futures (Black (1976)). It is well-known

that stocks carried over from prior years decrease futures price volatility (Hennessy and

Wahl (1996), Karali and Power (2013)) . Our analysis does not investigate the role of

location on price volatility because we use U.S. national prices, futures prices quoted on

Chicago exchanges, to represent prices. However local prices tend to become variable,

or disconnected from futures prices, as one moves away from core commodity production

regions (Lu et al. (2021)).

2.2 Setting Premium Rates and Implication for Indemnities

In functional form, the indemnity Ijt for a county j in year t is defined as

Ijt = max (ψp̄tȳt − ptyjt, 0) , (4)

a decreasing and convex function of revenue (ptyjt) where p̄t is the year t spring futures

price and ȳt is the actual production history (APH) yield average for year t, the arithmetic

average of the past ten years of yield data, as required by federal regulation when available

(Coble et al. (2010)), and ψ is the coverage rate of the insurance policy. The premium or

expected indemnity payout for an for county j in year t can be calculated as

Premiumj = E[Ijt] =

∫
max (ψp̄tȳt − ptyjt, 0) dG(yjt, pt) (5)
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where G(yjt, pt) is the joint distribution function for yjt and pt with associated density

function g(yjt, pt).

For convenience, but at no loss in generality, we recast the payoff as the decreasing,

convex and twice continuously differentiable function J(R̄ − ptyjt) where R̄ = ψp̄tȳt. A

Taylor series expansion and formation of an expectation yields the estimate of the premium

as

E[J(R̄− ptyjt)] ≈ J(R̄− p̄tȳt)

+0.5J ′′(R̄− p̄tȳt)
[
p̄2tVar(yjt) + ȳ2tVar(pt) + 2p̄tȳtCov(yjt, pt)

]
. (6)

We argue that Var(pt) and Cor(yjt, pt) =
Cov(yjt,pt)

Var(yjt)Var(pt)
should be dependent on the stocks

carried over from the previous harvest period. In other words,

E[J(R̄− ptyjt)] ≈ J(R̄− p̄tȳt)

+0.5J ′′(R̄− p̄tȳt)
[
p̄2tVar(yjt|s̃t) + ȳ2tVar(pt|s̃t) + 2p̄tȳtCov(yjt, pt|s̃t)

]
. (7)

As J ′′(R̄− p̄tȳt) is positive, the premium should be lower whenever the correlation is more

negative.

In our empirical inquiry, we argue that the first and second moments in (7) should

depend on s̃t and location, i.e., state, and should be calculated with respect to state-

specific conditional density g(yjt, pt|s̃t, cj), where cj is the state in which county j is located,

rather than with respect to unconditional density g(yjt, pt). In particular, we seek to

characterize how the conditional correlation changes with stocks and location and how

conditional variance changes with stocks. Regarding correlation we find that, all else equal,

(i) when conditional correlation is decidedly negative in a location then the actuarially

fair premium in that strong natural hedge location should be low in consequence, and

(ii) when the conditional correlation is increasing in stocks then, having controlled for

the effects on other moments, the premium should be larger whenever stocks are larger.

Furthermore, to the extent that these effects are not fully accounted for in the insurance

premium determination formula then there are potential heterogeneity issues that may

impede insurance program participation and/or require additional subsidies to overcome. In

addition, as the correlation is likely to be most negative in high price, low production years

the stabilization effect of the natural hedge may not be adequately acknowledged by any
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insurance pricing formula. This inference supports the view that core production regions

may face premiums that are too high in comparison to long run indemnities incurred, a

view that is supported by empirical study of insurance program performance (Chen et al.

(2020)). Current RI rate setting procedures for the corn and soybean crops in the United

States identify mean prices through pre-planting futures prices for harvest-time contracts

and identify price variability through implied volatilities extracted from relevant options

prices. These estimates should be dynamic to stocks and other forms of information.

However, no relevant financial instrument is available for correlation and no effort is made

to condition correlation on market information. Thus the bias identified in (1a) and (6)

will be real to the extent that monotonicity (1b) applies.

3 Methodology

Define two univariate density functions g(pt|s̃t) and g(yjt|pt, s̃t, cj) as the density functions

of pt conditioning on s̃t and of yjt conditioning on pt, s̃t, and cj, respectively, where it

follows that g(yjt, pt|s̃t, cj) = g(pt|s̃t)g(yjt|pt, s̃t, cj). For τp ∈ (0, 1) and τy ∈ (0, 1), let

qτp(s̃t) and qτy(pt, s̃t, cj) denote the τ thp - and τ thy - conditional quantile functions of g(pt|s̃t)

and g(yjt|pt, s̃t, cj), respectively, which by definition are the inverse cumulative distribution

functions (cdfs)G−1(τp|s̃t) andG−1(τy|pt, s̃t, cj), i.e., qτp(s̃) = G−1(τp|s̃t) and qτy(pt, s̃t, cj) =

G−1(τy|pt, s̃t, cj). Using quantile regression, we can estimate the possibly non-linear quantile

functions qτp(s̃t) and qτy(pt, s̃t, cj) as q̂τp(s̃t) and q̂τy(pt, s̃t, cj), respectively. Therefore, if τp,r

and τy,r (r = 1, 2, · · · , R) are independently drawn from the uniform distribution on (0, 1),

then p∗r = q̂τp,r(s̃t) and y
∗
r = q̂τy,r(p

∗
r, s̃t, cj) provide independent random samples from the

conditional density g(yjt, pt|s̃t, cj). Figure 3 provides a visualization of the flexibility of

SQR.

Multiple choices exist for the functional form of qτp(s̃t) and qτy(pt, s̃t, cj). Kernel weight-

ing methods (Yu and Jones (1998)) and smoothing spline methods (Koenker et al. (1994))

have both been suggested. Among all the literature findings, one importance conclusion

is that there exists a significant tradeoff between computational efficiency and smooth-

ness of the regression estimates. Specifically, unsmoothed quantile regression methods are

computationally efficient, but can produce spiky distributional curves, whereas smoothed
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Figure 3: Illustration of Semi-parametric Quantile Regression for a general x and y. Here,

the black curves represent the SQR estimates of the 0.05th−, 0.25th−, 0.5th−, 0.75th−, and

0.95th−-quantile curves and the red line represents the semi-parametric regression estimate

of the mean.

regression methods produce a smoother distributional curve, but come at increased com-

putational cost for calculating the “best” smoothing value. For this paper, we employ a

quantile regression method based on penalized B-splines (Yoshida (2022), Chen and Yu

(2016)). This approach provides a relatively smoothed quantile function that comes at

reduced computational burden, without having to specify a form of the quantile function.

3.1 SQR with Penalized B-Splines

For this section, define yi, i = 1, · · · , n as observations from a generic response variable

Y ∈ R and xi = {x1i, x2i, · · · , xdi}T , i = 1, · · · , n as a d × 1 vector of observed covariates

X ∈ (χ1 × · · ·χd)) where χl ⊂ R for l = 1, · · · , d is the compact space in which Xl is

exclusively contained. Equating yi and xi to the commodity dataset, we can set yi = pt
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and xi = s̃t for g(pt|s̃t) and we can set yi = yjt and xi = {pt, s̃t, cj}T for g(yjt|pt, s̃t, cj).

For τ ∈ (0, 1), the conditional quantile function qτ (x) is defined as a function that

satisfies Pr(yi ≤ qτ (xi)|xi) = τ . One way to understand quantile regression is through

replacing the objective function in the linear least squares regression problem with an

appropriate loss function, and then obtain estimates of the conditional quantiles instead

of the conditional mean. This can be achieved by minimizing the absolute deviation loss

function, or check loss function,

ρτ (u) = u(τ − I(u < 0)), (8)

as first defined in Koenker and Bassett (1978), where u is the generic function input and I

represents the indicator function. Note that (8) is τ -specific; that is, each unique τ ∈ (0, 1)

introduces a different loss function. Figure 4 visualizes the differences in the check loss

function for eight equally spaced values of τ from 0.01 to 0.99. Intuitively, when we are

interested in the 1st- quantile (i.e., τ = 0.01), the slope of the check loss function (solid red

curve in Figure 4) is much steeper in the negative direction than in the positive, meaning

that the smaller observations contain more information about this small quantile than do

the larger observations. As τ increases, the slope in the negative direction decreases and

the slope in the positive direction increases; meaning that more weight is being placed on

the larger observations than on the smaller ones for larger quantiles. Therefore, if we want

to estimate the τ th− conditional quantile, qτ (xi) = xT
i βτ , we can estimate the parameter

vector βτ for the generic τ th−quantile by

β̂τ = min
βτ∈Rd

N∑
i=1

ρτ (yi − xT
i βτ ). (9)

In general, the quantiles may relate to their conditional variables non-linearly. To

address the issue of potential non-linearity, we propose a semiparametric quantile regression

(SQR) method using penalized B-splines. That is, we define the τ th−quantile function as

qτ (xi) = BT (xi)βτ where B(xi) = {BT
1 (x1i), · · · ,BT

d (xdi)}T , {Bl : χl → Cp+Kn} for

l = 1, · · · , d is the B-spline basis function that converts a scalar x ∈ χl to a value in

Cp+Kn = {z ∈ Rp+Kn :
∑p+Kn

m=1 zm = 1, zm ≥ 0,m = 1, · · · , p+Kn}, p and Kn − 1 are the

degree and number of knots of the B-spline basis, respectively, and β̂τ is the p+Kn vector
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Figure 4: Illustration of the check loss function ρτ (u) = u(τ − I(u < 0)) used in quantile

regression for eight different values of τ equally spaced between 0.01 and 0.99.

of the τ th−quantile regression coefficients. B-splines provide a relatively smoothed quantile

regression function, without the need to define a specific (non-linear) functional form for

the regression. In addition to the ability to estimate non-linear quantiles, B-splines are

sufficiently flexible to allow for skewed distributions and heteroskedasticity (non-constant

variance), which means we do not have to make the strong assumptions that are present

in the linear regression analysis we outlined earlier.

The B-spline basis functions, Bl(xl) for l = 1, · · · , d with degree p and number of knots

Kn−1 is constructed as follows: First, recall that xl ∈ χl and let us further define χl = [ll, ul]

where ll and ul are the lower and upper bounds for values of xl. In order to construct the

B-spline basis, we must define knots as κk for k = −p,−p+1, · · · , Kn+p−1, Kn+p where

κk =


qk/Kn 1 ≤ k ≤ Kn − 1

ll k ≤ 0

ul k ≥ Kn
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with qk/Kn being the k
Kn

th−quantile of the observed values xl1, xl2, · · · , xln.

The pth B-spline basis function is then constructed as

Bl(xl) =
{
B

[p]
l,−p+1(xl), B

[p]
l,−p+2(xl), · · · , B

[p]
l,Kn

(xl)
}′

(10)

where B
[p]
l,k(xl) for k = −p+ 1, · · · , Kn + p are defined recursively as follows.

For s = 0,

B
[0]
l,k(xl) =

1 κk−1 < xl ≤ κk

0 otherwise
.

For s = 1, 2, · · · , p,

B
[s]
l,k(xl) =

xl − κk−1

κk+s−1 − κk−1

B
[s−1]
l,k (xl) +

κk+s − xl
κk+s − κk

B
[s−1]
l,k+1(xl).

Readers can learn more details and properties that splines possess (de Boor (1978)).

The estimated quantile regression function is then defined as

q̂τ (x) = BT (x)β̂τ , (11)

where β̂τ is a d(p+Kn)× 1 vector of quantile regression coefficients satisfying

β̂τ = min
βτ∈Rd(p+Kn)

n∑
i=1

ρτ
(
yi −BT (xi)βτ

)
+
λ

2
βT

τ D
T
mDmβτ . (12)

Here λ(> 0) is the quantile regression smoothing parameter, and Dm is the mth difference

matrix defined as a (Kn + p−m)× (Kn + p) matrix with elements

dij =

(−1)|i−j|( m
|i−j|

)
0 ≤ |i− j| ≤ m

0 otherwise

where
(

m
|i−j|

)
= m!

|i−j|!(m−|i−j|)! . The penalty term in (12) is used to remove computational

difficulties occurring when this term is defined through an integral, and controls the smooth-

ness of the estimator (Yoshida (2022)). When m = 2, Dm has an interpretation related to

the integral of the square of the second derivative of the function defined by the B-spline.

Because the second derivative of a straight line is zero, Dm for m = 2 shrinks the estimated

quantile regression function toward a straight line. D2 is the choice of penalty matrix we

use for the rest of this discussion, and the λ, Kn, and p choices will be discussed later on

in this section.
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3.2 Sampling from g(y, p|s̃) Using SQR with Penalized B-splines

Recall that the univariate density function g(pt|s̃t) has associated cdf G(pt|s̃t), and we

previously noted that

τp = Pr(p ≤ qτp(s̃t)|s̃t) = G(qτp(s̃t)|s̃t). (13)

Applying the inverse cdfs, G−1(·|s̃t) to (13), we obtain,

qτp(s̃t) = G−1(τp|s̃t). (14)

By the inverse probability transformation, we know that if {τp,r}Rr=1 are independently

generated from Uniform(0, 1), then {p∗r = qτp,r(s̃t) ≡ G−1(τp,r|s̃t)}Rr=1 are random samples

from g(pt|s̃t).

Now, recall that the univariate density function g(yjt|pt, s̃t, cj) has associated cdfG(yjt|pt, s̃t, cj),

and we previously established that

τy = Pr(y ≤ qτy(pt, s̃t, cj)|pt, s̃t, cj) = G(qτy(pt, s̃t, cj)|pt, s̃t, cj). (15)

Applying the inverse cdfs, G−1(·|pt, s̃t, cj) to (15), we obtain,

qτy(pt, s̃t, cj) = G−1(τy|pt, s̃t, cj). (16)

By the inverse probability transformation, we know that if {τy,r}Rr=1 are independently gen-

erated from Uniform(0, 1), then {y∗r = qτy,r(p
∗
r, s̃t, cj) ≡ G−1(τy,r|p∗r, s̃t, cj)}Rr=1 are random

samples from g(yjt|pt, s̃t, cj). Thus, our sampling methods produce samples {y∗r , p∗r}Rr=1 from

g(yjt, pt|s̃t, cj).

We have yet to discuss the facts that yjt may correlate with previous year’s yield data

and that pt is related to its associated spring futures price p̄t. In addition, pt has not been

adjusted for inflation, which could lead to incorrect conclusions about the impact of stocks

on the correlation and the insurance premiums. To lessen the first issue, we detrend each

of these variables, i.e., convert yjt and pt to some ỹjt and p̃t and perform our SQR with

penalized B-spline method on these detrended variables to obtain samples {ỹ∗r , p̃∗r}Rr=1 from

a new distribution, g(ỹjt, p̃t|s̃t, cj). Then, to address the second issue, we place the trend

back on these samples from g(ỹjt, p̃t|s̃t, cj) so that our final samples from g(ya,jt, pa,t|s̃t, cj)
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are all represented in year a units. More specifically, we manipulate our samples {ỹ∗r , p̃∗r}Rr=1

to obtain samples {y∗a,r, p∗a,r}Rr=1. For the purposes of this paper, we set a = 2020.

For pt, we set p̃t to be the difference between year t’s log-harvest price and a regression

estimate of the log harvest price. More specifically, we set

p̃t = log(pt)− p̂t, (17)

where p̂t is a regression estimate of log(pt) using localized estimated scatterplot smoothing

(LOESS) regressed on year t. We do not detrend using the spring future’s price because

those prices are rather spikey, and do not capture the trend as well as other smoothing

methods.

For yjt, we perform a penalized B-spline regression for mean yearly crop yield by state.

Define a B-spline basis for this regression with p = 3, Kn = ⌈ T
10
⌉, χt = [0, T ], and

κk =


10k 1 ≤ k ≤ Kn − 1

0 k ≤ 0

T k ≥ Kn

.

Using the construction of the B-spline basis in (10), we set

ŷcj ,t = BT (t)β̂cj
,

where

β̂cj
= min

β∈Rp+Kn

T∑
t=1

nt∑
j=1

(yjt −BT (t)β)2 +
λ

2
βTDT

2D2β.

Thus set the detrended yield, ỹjt to be

ỹjt = yjt − ŷcjt. (18)

Define the conditional quantile functions uτp(s̃t) = G−1(τp|s̃t) and uτy(p̃t, s̃t, cj) =

G−1(τy|p̃t, s̃t, cj) by (14) and (16), respectively, for τp ∈ (0, 1) and τy ∈ (0, 1). Using

SQR with penalized B-splines, we obtain estimates for uτp and uτy by

ûτp(s̃t) = BT (s̃t)β̂τp and (19)

ûτy(p̃t, s̃t, cj) = BT (p̃t, s̃t, cj)β̂τy (20)
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where B(p̃t, s̃t, cj) = {BT (p̃t),B
T (s̃t)}T

⊗
Xcj ; B(p̃t) and B(s̃t) are constructed using

cubic splines (p = 3) (Chen and Yu (2016) ,Price et al. (2019)) as well as Kn = 4 with

compact support χp̃ = [−3, 3] and χs̃ = [0, 1]; Xcj is an indicator vector for state cj;
⊗

denotes a Kronecker product;

β̂τp = min
βτp

T∑
t=1

ρτp

(
p̃t −BT (s̃t)βτp

)
+
λ

2
βT

τpD
T
2D2βτp ; and (21)

β̂τy = min
βτy

T∑
t=1

nt∑
j=1

ρτy

(
ỹjt −BT (p̃t, s̃t, cj)βτy

)
+
λ

2
βT

τyD
T
2D2βτy . (22)

For the calculation of (21) and (22) the value of the smoothing parameter, λ, is chosen via

a generalized approximate cross-validation technique (Yuan (2006)).

By the inverse probability transformation, {p̃∗r = ûτp,r(s̃t), ỹ
∗
r = ûτy,r(p̃

∗
r, s̃t, cj)}Rr=1 are R

independent samples from g(ỹjt, p̃t|s̃t, cj) where {τp,r}Rr=1 and {τy,r}Rr=1 are randomly sam-

pled from Uniform(0, 1). However, we need R random samples from g(y2020,jt, p2020,t|s̃t, cj),

where p2020,t and y2020,jt are the observed harvest price and county level yield expressed in

2020 units.

Recall the final detrended variables from (17) and (18). It can be easily shown that

pt = exp(p̂t + p̃t) and yjt = ŷcjt + ỹjt. We need a procedure to go from the year t raw price

and county-level yield, pt and yjt, to the year t price and county-level yield expressed in

2020 units, p2020,t and y2020,jt.

For pt, we account for inflation by dividing pt by the GDP deflator, which measures the

changes in prices for all the goods and services produced in an economy. The GDP deflator

for year t is defined as GDPDEFt =
Nominalt
Real2020,t

, where Nominalt is the U.S. Nominal GDP

in year t and Real2020,t is the U.S. Real GDP in year t expressed in 2020 dollars. Thus, we

can obtain p2020,t as

p2020,t =
pt

GDPDEFt

. (23)

We also need to adjust the county-level yield to be expressed in 2020 units. To go from

ỹjt to yjt, we add back ŷcjt, the estimate of annual crop yield in year t in state cj. So, to

obtain the county-level yield in 2020 units, we should add in ŷcj ,2020 instead. Thus,

y2020,jt = ŷcj ,2020 + ỹjt
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= yjt + ŷcj ,2020 − ŷcjt. (24)

Using the results from (23), and (24) as well as the samples {ỹ∗r , p̃∗r}Rr=1 from g(ỹ, p̃|s̃), we

obtain p∗2020,r = 1
GDPDEFt

exp(p̂t + p̃∗r) and y∗2020,r = ŷcj ,2020 + ỹ∗r Thus, {y∗2020,r, p∗2020,r}Rr=1

are R independent samples from g(yjt, pt|s̃t, cj) expressed in 2020 units.

We use these samples to obtain Monte Carlo approximations of the conditional corre-

lation in (1a) and conditional insurance premium in (5) as∑R
r=1(y

∗
r − ȳ∗. )(p

∗
r − p̄∗. )√∑R

r=1(y
∗
r − ȳ∗. )

2
∑R

r=1(p
∗
r − p̄∗. )

2

, (25)

and

1

R

R∑
r=1

max (ψp̄tȳt − p∗ry
∗
r , 0) , (26)

respectively, where ȳ∗. = 1
R

∑R
r=1 y

∗
r and p̄∗. =

1
R

∑R
r=1 p

∗
r.

We also need to obtain samples from the unconditional density g(yjt, pt|cj) expressed

in 2020 units, where we assume that the density function is still state-specific. We use

the principles of SQR with penalized B-splines to obtain these samples by first obtaining

samples from the joint density g(ỹjt, p̃t|cj) = g(p̃t)g(ỹjt|p̃t, cj) and then obtaining samples

from the density g(yjt, pt|cj) = g(pt)g(yjt|pt, cj). Note that g(p̃t) and g(ỹjt|p̃t, cj) have

associated cdfsG(p̃t) andG(ỹjt|p̃t, cj). Because the univariate density for p̃ is not dependent

on any other variables, the τ thp −quantile is no longer a function, and we only need to

estimate the quantile scalar uτp in addition to the quantile function uτy(p̃, cj). Using SQR

with penalized B-splines,

ûτp = β̂τp and (27)

ûτy(p̃) = BT (p̃t, cj)β̂τy , (28)

where B(p̃t, cj) = B(p̃t)
⊗

Xcj ,

β̂τp = min
βτp

T∑
t=1

ρτp
(
p̃t − βτp

)
, and (29)

β̂τy = min
βτy

T∑
t=1

nt∑
j=1

ρτy

(
ỹjt −B(p̃t, cj)βτy

)
+
λ

2
βT

τyD
T
2D2βτy . (30)
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Again, λ is chosen via generalized approximate cross validation (Yuan (2006)); while we

can include the penalty term in (29), there is no function that needs to be smoothed, and

the value of the smoothing parameter λ does not impact the value of our estimate β̂τp .

By the inverse probability transformation, {p̃∗r = ûτp,r , ỹ
∗
r = ûτy,r(p̃

∗
r)}Rr=1 are R indepen-

dent samples from g(ỹjt, p̃t|cj) where {τp,r}Rr=1 and {τy,r}Rr=1 are independently randomly

sampled from Uniform(0, 1). Using the results from (23), and (24), {y∗2020,r, p∗2020,r}Rr=1

become R independent samples from g(yjt, pt|cj) expressed in 2020 units.

4 Simulation Study

In this section, we verify the efficacy of our proposed SQR methodology via a thorough

simulation study. Because the procedure to obtain samples from g(yjt, pt) and g(yjt, pt|s̃t, cj)

involves intermediate sampling from g(ỹjt, p̃t) and g(ỹjt, p̃t|s̃t, cj) where g(ỹjt, p̃t) uses the

same SQR techniques as g(ỹjt, p̃t|s̃t, cj), we only assess the accuracy of the sampling from

g(ỹjt, p̃t|s̃t, cj). We also only simulate data for a single state. Note that

p̃t = µp̃(s̃t) + σp̃(s̃t)ϵp̃t,

ỹjt = µỹ(p̃t, s̃t) + σỹ(p̃t, s̃t)ϵỹjt (31)

where µp̃ and σp̃ are functions for the conditional mean and standard deviation for p̃t, where

µỹ and σỹ are functions for the conditional mean and standard deviation for ỹjt, and where

ϵp̃t and ϵỹjt are independent error terms with mean 0 and standard deviation 1, j = 1, · · · , nt

and t = 1, · · · , T . To ensure that we have a sufficient sample size to analyze our proposed

methods, we assume nt = 500 for t = 1, · · · , T and T = 100 throughout the simulation

study. We also perform a total of M = 100 Monte Carlo iterations of our simulation study.

It should also be noted that we simulate s̃t
iid∼ Beta(1.5, 6) for t = 1, · · · , T at the beginning

of our simulation study, a choice that is meant to represent the distribution of the observed

s̃t from the corn crop dataset, and the values of s̃t remain the same for all M Monte Carlo

iterations to maintain consistency.

We propose multiple possibilities for µp̃ and σp̃ that are linear and non-linear in nature to

verify our method with a wide variety of assumptions for the mean and standard deviation

structure. For the linear mean and standard deviation functions for the harvest price, p̃t,
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we assume

µp̃(s̃t) = 0.2− 0.4s̃t,

σp̃(s̃t) = 0.5− 0.5s̃t, (32)

and for the non-linear setting,

µp̃(s̃t) = −0.2 + 0.4 exp (−2s̃t),

σp̃(s̃t) = 0.5 exp (−2s̃t). (33)

We also assume that µỹ(p̃t, s̃t) = −25 + 14.45 exp{p̃t} + 22.18s̃t and σỹ(p̃t, s̃t) = 33. The

choices of these functions are meant to closely represent the realized detrended corn harvest

price and county-level yields in the given dataset.

In addition, we want to check our proposed method to simulated data that represents

the distribution of the observed corn crop dataset. The realized detrended harvest price

is primarily right skewed, and the detrended crop yields are significantly left skewed (Ker

and Tolhurst (2019), Price et al. (2019), Swinton and King (1991), and others). Because of

this, we choose to model the error distributions via the skewed normal distribution. The

skewed normal behaves similarly to the normal distribution, except it includes an additional

parameter to allow for non-zero skewness. The pdf of the skewed normal distribution,

X ∼ SN (µ, σ, α), is

f(x|µ, σ, α) = 2

σ
√
2π

exp

(
−(x− µ)2

2σ2

)∫ α(x−µ
σ )

−∞

1√
2π

exp

(
−t

2

2

)
dt, (34)

where µ and σ represent the location and scale parameters of the traditional normal distri-

bution and α is the additional skewness parameter. When α > 0, then the distribution is

right skewed and when α < 0, then the distribution is left skewed. When α = 0, then the

distribution is the standard normal distribution with mean µ and standard deviation σ.

For this simulation study, we assume that

ϵp̃t
iid∼ SN

(
−
(
1−

2d2p
π

)−1/2

dp

√
2

π
,

(
1−

2d2p
π

)−1/2

, ap

)
, and (35)

ϵỹjt
iid∼ SN

(
−
(
1−

2d2y
π

)−1/2

dy

√
2

π
,

(
1−

2d2y
π

)−1/2

, ay

)
, (36)
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for j = 1, · · · , nt, and t = 1, · · · , T , where ap = 3, ay = −3, dp =
ap√
1+a2p

, and dy = ay√
1+a2y

.

The choices of the location and scale parameters for the error terms are chosen to have

theoretical zero mean and unit standard deviation errors. The choice of skew parameters

models our empirical belief that crop prices are right skewed and crop yields are left skewed.

We also assume that ϵp̃t and ϵỹjt are independent for all j and t.

For m = 1, · · · ,M , we use the simulated values s̃ = {s̃t : t = 1, · · · , T}, p̃ = {p̃t : t =

1, · · · , T} and ỹ = {ỹjt : j = 1, · · · , J, t = 1, · · · , T} to obtain approximate conditional

quantile regression functions for a given τp and τy using the methods presented in (19) -

(20). More specifically, we calculate ûτp(s̃) = BT (s̃)β̂τp and ûτy(p̃, s̃) = BT (p̃, s̃)β̂τy for

given p̃ and s̃ where B(p̃, s̃) = {BT (p̃),BT (s̃)}T ; B(p̃) and B(s̃) are constructed using

p = 3 and Kn = 4 with compact support χp̃ = [−3, 3] and χs̃ = [0, 1] and β̂τp and β̂τy are

calculated using (21) and (22), respectively.

Recall the specifications for p̃t and ỹjt from (31). If the distribution of the error terms ϵp̃t

and ϵỹjt are known, then we can denote uτp,ϵp̃ and uτy ,ϵỹ as the “true” τ
th
p − and τ thy −quantiles

of each respective error distribution. Noting that the transformation from the error term

to the actual value in (31) is a one-to-one function, the “true” τ thp − and τ thy − quantile

function given values of p̃ and s̃ are

uτp(s̃) = µp̃(s̃) + σp̃(s̃)uτp,ϵp̃ , and (37)

uτy(p̃, s̃) = µỹ(p̃, s̃) + σỹ(p̃, s̃)uτy ,ϵỹ , (38)

respectively, where uτp,ϵp̃ is τ
th
p −quantile of the distribution from (35) and uτy ,ϵỹ is τ

th
y −quantile

of the distribution from (36).

Figures 5 and 6 present the “true” versus approximate τ thp −quantile functions for τp ∈

{0.1, 0.25, 0.5, 0.75, 0.9} for linear p̃ and non-linear p̃, respectively. For each plot, the solid

black line represents the “true” quantile function, the solid red line represents the median

of the M approximate quantile functions, and the dashed red lines represent the 0.025

and 0.975 quantiles of the M approximate quantile functions. Based on the outcome

of these graphs, the “true” quantile functions appears to directly overlap the median of

the M approximate quantile functions, and the 0.025 and 0.975 quantile function bands

fall very close to the “true” quantile functions, suggesting our method does a good job

of approximating the quantile functions of interest. In addition, the plots show that an
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Figure 5: True and estimated quantile functions of p̃ from the linear p̃ simulation study.

Presented are the medians (solid red lines) and 0.025 and 0.975 quantiles (dashed red lines)

of the MC estimates for the quantile regression function qτp(s̃t) against the associated “true”

quantile curve (solid black lines).

increase in stocks leads to a decrease in the price variance, which is what we expect in our

empirical dataset.

In Appendix A, we present the “true” versus approximate τ thy − quantile function for

τp ∈ {0.1, 0.25, 0.5, 0.75, 0.9} and s̃ ∈ {0.046, 0.093, 0.173, 0.281, 0.394}, the 0.1, 0.25, 0.5,

0.75, and 0.9 quantiles of the Beta distribution used to simulate s̃t for linear p̃ and ỹ, and

non-linear p̃ and ỹ in figures A-1 and A-2, respectively.

Recall the main goals of this paper are to estimate the conditional correlation and

premium as defined in (1a) and (5), respectively. We outlined our approximation methods

for these values in (25) and (26), respectively. Both of these calculations require knowing

how to sample from the joint density function g(yjt, pt|s̃t, cj), which requires preliminary

sampling from g(ỹjt, p̃t|s̃t, cj). Therefore, we wish to assess how well our proposed method
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Figure 6: True and estimated quantile functions of p̃ from the non-linear p̃ simulation study.

Presented are the medians (solid red lines) and 0.025 and 0.975 quantiles (dashed red lines)

of the MC estimates for the quantile regression function qτp(s̃t) against the associated “true”

quantile curve (solid black lines).

does at estimating g(ỹjt, p̃t|s̃t, cj).

We perform this estimation by running our conditional SQR methodology for s̃ ∈

{0.093, 0.173, 0.281}, the 0.25, 0.5, and 0.75 quantiles of the Beta distribution used to

simulate s̃t. Using these samples, we then estimate the 2-d density g by ĝ using the R func-

tion kde2d in the MASS package (Venables and Ripley (2002)). We compare the estimated

density function ĝ to the “true” density function g where

g(ỹjt, p̃t|s̃t, cj) = g(ỹjt|p̃t, s̃t, cj)g(p̃t|s̃t)

=
1

σỹ
g

(
ỹjt − µỹ(p̃t, s̃t)

σỹ
|p̃t, s̃t

)
1

σp̃(s̃t)
g

(
p̃− µp̃(s̃t)

σp̃(s̃t)
|s̃t
)

=
1

σỹ
g (ϵỹjt|p̃t, s̃t)

1

σp̃(s̃t)
g (ϵp̃t|s̃t) (39)

for t = 1, · · · , T and j = 1, · · · , J where g (ϵp̃t|s̃) and g (ϵỹjt|p̃, s̃) are the density functions of
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the distributions from (35), and (36), respectively. We compare the joint density functions

for a range of p̃ from -1 to 1 and ỹ from -70 to 70, which are the regions of the highest

density for p̃ and ỹ, respectively. The relative absolute differences between ĝ and g, i.e.,

ĝ−g
g
, are displayed using heat maps in Figures A-3 and A-4 in Appendix A.

5 Empirical Study

In this section, we apply our SQR with penalized B-splines method to obtain samples from

g(y2020,jt, p2020,t|s̃t, cj) and g(y2020,jt, p2020,t|cj) to assess the impact of leftover stocks on the

correlation between harvest price and county level yield. For this data analysis, we obtain

harvest time price (in U.S.$ per bushel) for corn and soybeans, both national-level yield

and stocks for corn and soybeans, and state and county-level yields from twelve U.S. states

which are considered to be part of the “corn belt” (Illinois, Indiana, Iowa, Kansas, Michigan,

Minnesota, Missouri, Nebraska, North Dakota, Ohio, South Dakota, and Wisconsin) from

the years 1990 to 2018 (i.e., T = 29). Note that each state has a different number of

counties, and not every county has a reported yield in each year (i.e., nt is different for

t = 1, · · · , T ). In total, we have 29 observed values of pt and s̃t for t = 1, · · · , T for both

corn and soybeans, and 27, 937 and 25, 946 observed values of yjt for corn and soybeans,

respectively, t = 1, · · · , T , and j = 1, · · · , nt. Using the given dataset, we perform the

detrending procedures in (17) and (18) to obtain p̃t, ỹjt, and ŷcjt for t = 1, · · · , T and

j = 1, · · · , nt, and then, using these values to run our SQR methodology, obtain samples

{y∗2020,r, p∗2020,r}Rr=1 from both g(yjt, pt|s̃t, cj) and g(yjt, pt), respectively, with p = 3, Kn = 4,

λ chosen by GACV (see Yuan (2006)), χs̃ = [0, 1], and χp̃ = [−1, 1]. For the empirical data

study, we set R = 5000.

Figures 7 and 8 present the estimated price standard deviation across different levels of

stocks from both the conditional and unconditional densities. We observe that both condi-

tional and unconditional standard deviation tends to decrease as level of stocks increases.

It should be noted the estimates ŝd(p̃t) and ŝd(p̃t|s̃t), calculated using the SQR samples

from g(p̃t) and g(p̃t|s̃t), respectively, are naturally smooth functions. The calculation of

going from p̃t to the pt involves the p̂t terms, which is not necessarily a smooth function of

time, t, and thus causes the spikiness of the standard deviation estimates that we observe.
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Figure 7: Standard deviation of harvest price for corn crops from 1990-2018 (in 2020 units).

However, the overall pattern that variance decreases as level of stocks increases is still valid.

Figures 9 and 10 present visualizations of the impact of stocks on the correlation be-

tween the harvest time price and county-level yields (in 2020 units) for the corn and soybean

crops, respectively, for each of the twelve states. In addition to the estimates of the condi-

tional and unconditional correlations, we present a 95% confidence band for the conditional

correlation estimate ( ˆcor(y2020,jt, p2020,t|s̃t, cj)±1.96ŝe( ˆcor(y2020,jt, p2020,t|s̃t, cj)), represented

by the dotted lines in Figures 9 and 10, where ŝe( ˆcor(y2020,jt, p2020,t|s̃t, cj)) is calculated us-

ing a jackknife delete-a-group method with B = 50 groups. More formally, we first assign

sample r = 1, · · · , R from g(y2020,jt, p2020,t|s̃t, cj) to group b = ⌈ r
100

⌉ to obtain B = 50 equal

subsamples gb, b = 1, · · · , B. For b = 1, · · · , B, we calculate a new estimate of the corre-

lation by (25), ˆcorb(y2020,jt, p2020,t|s̃t, cj), using a subsample where we exclude all samples

belonging to group gb, (i.e., using the subsample {y∗2020,r, p∗2020,r}r ̸∈gb). We then calculate a
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Figure 8: Standard deviation of harvest price for soybean crops from 1990-2018 (in 2020

units).

jackknife estimate of the variance as

V̂ar ( ˆcor(y2020,jt, p2020,t|s̃t, cj)) =
1

B − 1

B∑
b=1

( ˆcorb(y2020,jt, p2020,t|s̃t, cj)− ¯̂cor(y2020,jt, p2020,t|s̃t, cj))2

where ¯̂cor(y2020,jt, p2020,t|s̃t, cj) = 1
B

∑B
b=1 ˆcorb(y2020,jt, p2020,t|s̃t, cj). Finally, we obtain the

estimate of the standard error of our conditional correlation estimate, ŝe( ˆcor(y2020,jt, p2020,t|s̃t, cj)),

and the values of our 95% confidence bands.

Much as we had initially theorized, both the unconditional and conditional correlations

are negative except for soybeans in North Dakota, suggesting that when we observe a

negative shock in yield for a given year, we should expect a subsequent increase in the

harvest price. In addition, we observe a rise in the conditional correlation as the level of

stock increases for a majority of states, providing evidence that as the level of stocks/storage

increases, correlation also increases, as is theorized in (1b). This also suggests that the shift

in the demand curve for high levels of storage for both corn and soybeans as illustrated in
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Figure 9: Correlation of harvest price and county-level yield for corn crops by state from

1990-2018 (in 2020 units).

figure 2 is realized empirically.

The “I” states – Illinois, Indiana, and Iowa – appear to exhibit similar trends of the

conditional correlation relative to the unconditional correlation for both corn and soybeans;

that is the conditional correlation is significantly lower than the unconditional correlation

for low levels of stock and increases as stock increases. However, states such as Michigan,

Minnesota, North Dakota, and Wisconsin, states that are further to the north and border

Canada, exhibit conditional correlation curves that are flatter relative to the curves of the

“I” states, and do not appear to be significantly different than the unconditional corre-

lation. In addition, the levels of conditional correlation are much smaller in magnitude

for those northern states as compared to the “I” states for both corn and soybeans. This

empirically illustrates the natural hedge proposed in the introduction, whereby states in

the core production areas have the regional competitive advantage that current-year yield
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Figure 10: Correlation of harvest price and county-level yield for soybean crops by state

from 1990-2018 (in 2020 units).

and harvest price are highly negatively correlated when carryover stocks are low, keeping

revenue in those regions stable. In regions going away from the center of production, we

see that yield and price correlation is less sensitive to changes in the amount of carryover

stocks, meaning revenue could end up in a shortfall in these areas, leading to a competitive

disadvantage. This regional competitive advantage can also be seen in figure 11, where we

present the conditional correlations as geographic heat maps for the observed 0.2-, 0.5-,

and 0.8-quantiles of leftover stocks for corn and soybeans, respectively

We use posterior likelihood to compare the conditional and unconditional joint distribu-

tions on the given price and yield data. More precisely, we estimate the log-likelihood of the

given data under the conditional joint distribution (
∑T

t=1

∑nt

j=1 log ĝ(y2020,jt, p2020,t|s̃t, cj))

and the unconditional joint distribution (
∑T

t=1

∑nt

j=1 log ĝ(y2020,jt, p2020,t|cj)), where ĝ are

2-d kernel density estimates for the conditional and unconditional joint densities, respec-
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Figure 11: Heat map of the conditional correlation of harvest price and county-level yield

for corn crops (upper panel) and soybean crops (lower panel) across states for the observed

0.2- (left panel), 0.5-(middle panel), and 0.8- (right panel) quantiles of leftover stocks.

tively, using our R = 5000 SQR samples using the function kde2d from MASS (Venables

and Ripley (2002)). For corn crops, the unconditional posterior log-likelihood is -154,162.7,

and the conditional posterior log-likelihood is -146,503.8, a 4.96% increase when incorporat-

ing stocks. For soybean crops, the unconditional posterior log-likelihood is -129,108.5 and

the conditional posterior log-likelihood is -123,722.3, a 4.17% increase when incorporating

stocks.

We further illustrate the natural hedge through estimation of the conditional insurance

premium, hereafter referred to as the proposed insurance premium, as outlined in (5) and

(26). We compare the conditional insurance premiums from our proposed methodology to

insurance premiums using current USDA methodologies. The USDA’s Risk Management

Agency (RMA) uses commodity market’s futures implied volatilities in determining the

harvest price distribution, where market traders are influenced by current levels of stocks.

However, the RMA does not take into account the current level of stocks when determining

the distribution of crop yields nor the calculation of the price-yield correlation. To simulate

the current RMA procedure, we import our samples {p∗r}Rr=1 from g(p2020,t|s̃t) and {y∗r}Rr=1

from g(y2020,jt|cj) into a bivariate Gaussian copula with correlation coefficient equal to the
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Figure 12: Estimated insurance premium (ψ = 0.7) for corn crops by state from 1990-2018

(in 2020 units).

unconditional correlation estimate from g(y2020,jt, p2020,t). The copula provides us with new

samples {p+r , y+r }Rr=1 from a joint price-yield distribution with marginals G(p2020,t|s̃t) and

G(y2020,jt|cj) and correlation coefficient equal to the state-level unconditional correlation

calculated previously. We calculate an estimate of the current methodology insurance

premium for given ψ, p̄t, and ȳt as

1

R

R∑
r=1

max
(
ψp̄tȳt − p+r y

+
r , 0
)
, (40)

The results from the crop insurance calculations are presented in figures 12 - 13, where

we assume ψ = 0.7. In addition, we assume that p̄t is the year t spring future’s price and

ȳt is the 2020-adjusted arithmetic average of the past ten years of yield data broken down

by state. We note that the spikes in these curves are due to large spikes in the inflation

adjusted spring future’s prices. Specifically, the highlighted gray areas in figure 12 are
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Figure 13: Estimated insurance premium (ψ = 0.7) for soybean crops by state from 1990-

2018 (in 2020 units).

from 2008, when spring future’s price for corn increased significantly, and the highlighted

gray areas in figure 13 are from 2011, when spring future’s price for soybean increased

significantly. In addition, we place a horizontal reference line at the average premium level

under the current methodology for each state to make comparisons more easily visualized.

We previously noted that the “I” states have a significantly smaller conditional price-

yield correlation for low levels of stock for both corn and soybeans. For these states, when

stocks are low and the unconditional correlation is inserted rather than the conditional

correlation, then harvest revenue (ptyjt) will be modeled as being more variable than they

actually are. Thus, the insurance premium under our proposed method will be higher than

the current methodology, which is can be seen in figures 12 - 13. Then, as level of stock in-

creases, the conditional correlation becomes insignficantly different from the unconditional

correlation, and the current and proposed insurance premiums become indistinguishable
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Figure 14: Comparison of the conditional and unconditional densities for county-level yield

at s̃t = 0.0494 for corn crops.
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Figure 15: Comparison of the conditional and unconditional densities for county-level yield

at s̃t = 0.0256 for soybean crops.

from one another. Thus, for higher levels of stock, the current insurance premium method-

ology seems to be an “actuarially fair” insurance premium.

However, for states such as Michigan, Minnesota, and Wisconsin, we observe no signif-

icant difference between the conditional and unconditional correlation for both corn and

soybeans at any level of stock in figures 9 and 10, respectively. This means we would expect

the current and proposed insurance premiums to be indistinguishable from one another in
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figures 12 - 13. However, we observe that the proposed premium methodology is actually

higher in those states for lower levels of stocks. The rationale for this is that the distribution

of the county-level yields, yjt, has a higher probability in the lower tail for the conditional

distribution rather than the unconditional distribution for both corn and soybeans at the

lowest levels of stock. The differences in these distributions is illustrated in figures 14 and

15.

One possible rationale for the differences in the conditional and unconditional density

functions for the county-level yield is that weather patterns are not independent between

consecutive years. If we were to observe a negative shock in county-level yield for year

t−1, we would dip into the leftover stocks so as not to have a significant rise in the harvest

price, meaning we would have fewer stocks going into year t’s growing season. Not only

would the changes in the leftover stocks affect the variability of harvest price for year t,

the weather effects from year t− 1 would have an effect on county-level yields as well. For

example, if year t− 1 was a drought year, then the soil for year t’s crop will be dry as well,

and farmers will likely need to dip into water reserves in order to yield a fruitful harvest.

Conversely, if year t− 1 was marred by large amounts of rain, the soil for year t’s crop may

be too wet for planting in time for the harvest. Thus, the level of stocks in year t indirectly

incorporates year over year weather patterns that affect the distribution of county-level

crop yields. Subsequently, we would expect a higher probability of lower yields in year t,

which we observe in the comparison of the distributions in figures 14 and 15

Because the county-level yield distribution in year t is impacted by the harvest in year

t−1, we would expect some autocorrelation in the county-level yields going from year t−1

to year t. We test to see if there is autocorrelation between county-level yields by fitting

the observed, detrended county-level yields for both corn and soybeans from (18) and fit

them to an AR-1 model for each state,

ỹjt = ρ0,cj + ρ1,cj ỹj,t−1 + ϵjt,

where ϵjt are normally distributed error terms and cj is the state in which county j is

located. Because we assume ỹjt all have common mean and variance, ρ1,cj represents the lag-

1 autocorrelation between the detrended county-level yields. The results from these AR-1

models for both corn and soybeans are presented in Table 1. All of the lag-1 autocorrelations
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State Corn Soybean

Illinois 0.38 0.59

Indiana 0.13 0.37

Iowa 0.18 0.18

Kansas 0.65 0.53

Michigan 0.54 0.23

Minnesota 0.60 0.56

Missouri 0.19 0.24

Nebraska 0.51 0.39

North Dakota 0.58 0.29

Ohio 0.16 0.16

South Dakota 0.65 0.45

Wisconsin 0.44 0.40

Table 1: Lag-1 autocorrelation of detrended county-level yield, ỹjt, for both corn and

soybeans by state.

are positive, providing further evidence of a weather effect for the distribution of the county-

level yields that is incorporated in our methodology by conditioning on the level of leftover

stocks.

6 Conclusion

We address whether the inclusion of stocks has a significant impact on correlation between

yield and harvest price in the U.S. Corn and soybean markets. To answer this questions, we

obtain samples from the unconditional joint density function g(yjt, pt|cj) and the conditional

joint density function g(yjt, pt|s̃t, cj) using SQR with penalized B-splines and then use

these samples to obtain approximations for both the correlation and county-level insurance

premiums. We obtain these samples using county-level yield data and national-level yield,

stocks, and price data from both corn and soybean crops across 12 “corn belt” states

from 1990 to 2018. We observe that stocks imply a more significantly negative correlation
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between yield and price, and also that higher levels of stock typically mean a decreasing

correlation.

We obtain approximations of the conditional and unconditional correlations broken

down by states. We observe that the “I” states exhibit similar levels of the conditional cor-

relation across the given levels of stocks as the overall data analysis. However, we observe

that most of the other states do not reveal a significant difference between the conditional

and unconditional stocks for the differing levels of stock, and that the approximate cor-

relations from these states are smaller in magnitude. We also obtain approximations of

the state-level insurance premiums, using the currently imposed methodology as well as

our proposed method conditioning on stocks. We observe that the “I” states, which have

significantly different approximations for the conditional correlation compared to the un-

conditional correlation, tend to overestimate the current county-level insurance premiums

compared to our premiums from our proposed methodology. In addition, we observe that

other states tend to have a higher premium using our proposed methodology compared

for low-levels of stocks. This can be explained in part because the incorporation of stocks

indirectly incorporates year-to-year weather patterns, which would shift the distribution of

the county-level yields down.
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Figure A-1: True and estimated quantile functions of ỹ from the linear p̃ and non-linear ỹ
simulation study. Presented are the medians (solid red lines) and 0.025 and 0.975 quantiles
(dashed red lines) of the MC estimates for the quantile regression function qτy(p̃t, s̃t) against
the associated “true” quantile curve (solid black lines).

41



s~ =  0.046 s~ =  0.093 s~ =  0.173 s~ =  0.281 s~ =  0.394

τ
y =

 0.1
τ

y =
 0.25

τ
y =

 0.5
τ

y =
 0.75

τ
y =

 0.9

−0.5 0.0 0.5 1.0−0.5 0.0 0.5 1.0−0.5 0.0 0.5 1.0−0.5 0.0 0.5 1.0−0.5 0.0 0.5 1.0

−60
−50
−40
−30
−20

−30
−20
−10

0

−10
0

10
20

10
20
30
40

20
30
40
50
60

p~

q τ
y(

p~
,s~

)

Figure A-2: True and estimated quantile functions of ỹ from the non-linear p̃ and non-linear
ỹ simulation study. Presented are the medians (solid red lines) and 0.025 and 0.975 quantiles
(dashed red lines) of the MC estimates for the quantile regression function qτy(p̃t, s̃t) against
the associated “true” quantile curve (solid black lines).
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Figure A-3: Heat map of differences of samples from the approximate joint density ĝ(ỹ, p̃|s̃)
compared to the “true” joint density g(ỹ, p̃|s̃) for linear p̃ and non-linear ỹ.
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Figure A-4: Heat map of differences of samples from the approximate joint density ĝ(ỹ, p̃|s̃)
compared to the “true” joint density g(ỹ, p̃|s̃) for non-linear p̃ and non-linear ỹ.
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